In this paper we introduce a new kind of hyperbolic geometric flows -dissipative hyperbolic geometric flow. This kind of flow is defined by a system of quasilinear wave equations with dissipative terms. Some interesting exact solutions are given, in particular, a new concept -hyperbolic Ricci soliton is introduced and some of its geometric properties are described. We also establish the short-time existence and uniqueness theorem for the dissipative hyperbolic geometric flow, and prove the nonlinear stability of the flow defined on the Euclidean space of dimension larger than 2. Wave character of the evolving metrics and curvatures is illustrated and the nonlinear wave equations satisfied by the curvatures are derived.
Introduction
Let M be an n-dimensional complete Riemannian manifold with Riemannian metric g ij .
The following evolution equation for the metric g ij ∂ 2 g ij ∂t 2 + 2R ij + F ij g, ∂g ∂t = 0 (1.1)
has been recently introduced and named as general version of hyperbolic geometric flow by Kong and Liu [8] , where R ij is the corresponding Ricci curvature tensor and F ij is a given smooth symmetric tensor on the Riemannian metric g and its first order derivative with respect to t. A special but important case is
Usually, we call (1.2) the standard hyperbolic geometric flow or simply hyperbolic geometric flow. (1.1) and (1.2) are two nonlinear systems of second order partial differential equations on the metric g ij .
For the hyperbolic geometric flow (1.2), some interesting exact solutions have been constructed by Kong and Liu [8] . Recently, Kong, Liu and Xu [9] have investigated the evolution of Riemann surfaces under the flow (1.2) and given some results on the global existence and blowup phenomenon of smooth solutions to the flow equation (1.2) . In our paper [2] , we prove the short-time existence for the hyperbolic geometric flow (1.2) and the nonlinear stability of the Euclidean space with dimension larger than 4. Moreover, we also study the wave character of the curvatures for the flow (1.2) and derive the equations satisfied by curvatures including the Riemannian curvature tensor R ijkl , the Ricci curvature tensor R ij and the scalar curvature R. However, these evolution equations are quite complicated. In general, the solution of the hyperbolic geometric flow (1.2) may blowup in a finite time even for smooth initial data.
Motivated by the well-developed theory of the dissipative hyperbolic equations, we introduce a new geometric analytical tool -dissipative hyperbolic geometric flow: where g ij (t) stands for a family of Riemannian metrics defined on M , and d is a positive constant. The derivation of (1.3) is given in Section 6. Here we would like to point out that the reason that we choose (1.3) as the equation form of dissipative hyperbolic geometric flow is that, in the case it possesses a simpler equation satisfied by the scalar curvature.
Noting the dissipative property of (1.3), we expect that the dissipative hyperbolic geometric flow admits a global smooth solution (i.e., a family of Riemannian metrics) for all t ≥ 0, and the solution (metrics) has some good or anticipant geometric properties for relatively general initial data in the case that the dissipative coefficient d is chosen to be suitably large.
In the present paper we will focus on some basic properties enjoyed by the dissipative hyperbolic geometric flow. The first basic property is on the hyperbolic Ricci soliton.
The hyperbolic Ricci soliton is a new concept which we introduce in this paper. We will prove that there does not exist steady gradient hyperbolic Ricci soliton with initial metric of positive average scalar curvature on n-dimensional compact manifold (where n ≥ 3).
Comparing with the traditional Ricci flow, here we need the assumption that the initial metric has non-negative average scalar curvature. = −2R ij has zero eigenvectors in the natural coordinates.
In order to reduce the nonlinear weakly hyperbolic partial differential equation (1.3) to a nonlinear symmetric system of strictly hyperbolic partial differential equations, we use harmonic coordinates introduced by DeTurck and Kazdan [4] . Then by the standard theory of symmetric hyperbolic system, we can prove the short-time existence and uniqueness theorem 4.1.
The third property is the nonlinear stability. By the global existence theory of dissipative wave equations, we can prove the global nonlinear stability of the Euclidean space R n with n ≥ 3. See Theorem 5.1 for the details. In the proof of nonlinear stability, the dissipative property of the flow (1.3) play an important role.
The fourth fundamental property is the wave character of the curvatures. Since the dissipative hyperbolic geometric flow is described by a system of quasilinear wave equations on the metrics g ij (t, x), the wave property of the metric implies the wave character of the curvatures. The equations will play an important role in the future study. See Section 6
for the details.
The paper is organized as follows. In Section 2, we introduce the dissipative hyperbolic geometric flow equation and give a useful lemma. In order to understand the basics of the dissipative hyperbolic geometric flow, we construct some exact solutions. These solutions may be useful in physics. In Section 3, we introduce the steady gradient hyperbolic Ricci soliton, and prove Theorem 3.1 -one of the main results in this paper. Section 4 is devoted to the short-time existence and uniqueness of the flow, while Section 5 is devoted to the global nonlinear stability of the Euclidean space R n with n ≥ 3. The wave character of the curvatures is discussed in Section 6, and the nonlinear wave equations satisfied by the curvatures are also derived in this section.
Dissipative hyperbolic geometric flow
The dissipative hyperbolic geometric flow considered here is defined by the equation ( We first establish some useful equations from the flow equation (2.1). Let
3)
and denote the matrix 6) where trG stands for the trace of the matrix G. Thus by (2.1) we obtain 
(2.8) 
In order to understand basically the dissipative hyperbolic geometric flow, in what follows we construct some exact solutions.
Consider the following Cauchy problem
where g 0 ij (x) is a Riemannian metric on the manifold M , and k 0 ij (x) is a symmetric tensor on M .
If we assume that the initial metric g 0 ij (x) is Ricci flat, and the initial velocity k 0 ij (x) vanishes, then easily see that g ij (x, t) = g 0 ij (x) is the unique smooth solution to the Cauchy problem (2.11).
If we assume that the initial Riemannian metric is Einstein, that is to say,
where λ is a constant. Furthermore, we suppose that
where µ is an another constant. Let
By the definition of the Ricci tensor, we have
It follows from (2.13) and (2.14) that
Substituting (2.14) into the evolution equation (2.1) gives the following ODE
The solution of (2.17) with the initial data (2.16) reads
It follows from (2.18) that
Noting that d > 0, we distinguish the following three cases to discuss:
In this case, it follows from (2.18) that
Thus the evolving metric g ij (x, t) shrinks homothetically to a point as t approaches some finite time T .
Case II. λ = 0.
In the present situation,
, then the evolving metric g ij (x, t) shrinks homothetically to a point as t approaches the time Case III. λ < 0.
In this case, if µ < 0 and ρ(T 0 ) ≤ 0, where T 0
, then the evolving metric g ij (x, t) shrinks homothetically to a point as t approaches some finite time not later than T . Otherwise, g ij (x, t) is smooth and positive defined for all time.
Summarizing the above argument leads to the following theorem. 
Hyperbolic Ricci soliton
The theory of soliton solutions plays an important role in the study of geometric analysis, in particular in the study of Ricci flow. In this section we first introduce a new concept -steady hyperbolic Ricci soliton for the flow (2.1), and then describe its properties.
Definition 3.1 A solution to an evolution equation is called a steady soliton, if it evolves under a one-parameter subgroup of the symmetry group of the equation; A solution to the dissipative hyperbolic geometric flow (2.1) is called a steady hyperbolic Ricci soliton, if it moves by a one-parameter subgroup of the symmetry group of the equation (2.1).
If ϕ t is a one-parameter group of diffeomorphisms generated by a vector field V on M , then the hyperbolic Ricci soliton is given by
where L V stands for the Lie derivative with respect to the vector field V . Thus, the equation (2.1) can be reduced to
We predigest it into the following
If the vector field V is the gradient of a function f on M , then the soliton is called a steady gradient hyperbolic Ricci soliton. In what follows, we consider the steady gradient hyperbolic Ricci soliton.
For the steady gradient hyperbolic Ricci soliton, the equation (3.5) becomes
That is to say,
Taking the trace on i and j yields
Thus, the following theorem comes easily from (3.5)-(3.7). 
Short-time existence and uniqueness
In this section, we reduce the dissipative hyperbolic geometric flow (2.1) to a symmetric hyperbolic system in the so-called harmonic coordinates (see [4] ), then based on this, we prove the short-time existence and uniqueness theorem for the flow equation (2.1).
Let g ij (x, t) be a family of metrics on an n > 1 dimensional manifold M . We consider the space-time R × M equipped with the following Lorentzian metric
It follows from (3.4) in Dai, Kong and Liu [2] that
where
Then the evolution equation (2.1) for the dissipative hyperbolic geometric flow can be reduced to the following
Similar to [4] , we make use of the harmonic coordinates such that, for fixed time t, it holds that
Then the equation (4.4) can be written as ∂x k , the system (4.6) can be transformed into a system of partial differential equations of first order
In the C 2 class, the system (4.8) is equivalent to (4.6). It is easy to see that (4.8) is a quasilinear symmetric hyperbolic system, which can be rewritten as
where u = (g ij , g ij,k , h ij ) T is the 1 2 n(n + 1)(n + 2)-dimensional unknown vector function and the coefficient matrices A 0 , A j , B are given by
where 0 is the 1 2 n(n + 1) × 1 2 n(n + 1) zero matrix, I is the 1 2 n(n + 1) × 1 2 n(n + 1) identity matrix,
in which 0 is the 1 2 n 2 (n + 1)-dimensional zero vector.
By the theory of the symmetric hyperbolic system ( [5] , [6] ), we can obtain the following theorem. [3] , [1] , [2] ).
Remark 4.1 Theorem 4.1 can also be proved in a manner similar to that in DeTurck (see

Nonlinear stability of Euclidean metrics
This section is devoted to the nonlinear stability of the dissipative hyperbolic geometric flow (2.1) defined on the Euclidean space with the dimension larger than two.
We consider the following Cauchy problem for the dissipative hyperbolic geometric
where g 0 ij (x) and g 1 ij (x) are given symmetric tensors defined on the Euclidean space R n .
Theorem 5.1
The flat metric g ij = δ ij on the Euclidean space R n with n ≥ 3 is globally nonlinearly stable with respect to the given tensor g 0 Proof of Theorem 5.1. Let the symmetric tensor h ij on R n defined by
and δ ij be the inverse of δ ij . Then for small h,
where h ij = δ ik δ jl h kl and O ij (h 2 ) vanishes to the second order at h = 0. Then the Cauchy problem (5.1) for the metric g ij (x, t) is equivalent to the following initial value problem for the tensor h ij (x, t) in the harmonic coordinates x i around the origin in R n 
By the definition (4.7) and (5.2)-(5.3), we havē 
and || · || stands for the norm with respect to the flat metric δ ij .
By the theory of dissipative wave equations (see [10] , [11] ), we know that, for sufficiently small ǫ > 0, the Cauchy problem (5.5), i.e., (5.1), admits a unique smooth solution for all t ≥ 0 on R n with n ≥ 3. The proof of Theorem 5.1 is completed. We first assume that the metrics on a manifold M evolve by the following equation
and the terms a, b, d, e, f, h are all constants determined below. Then direct calculation
is the norm of Ricci curvature tensor Ric = R ik . In (6.3), we have made use of the evolution equation (6.1).
We choose the normal coordinates around a fixed point p on the manifold M such that
where Γ k ij stand for the Christoffel symbols. By the computations (5.2)-(5.5) in [2] , we get
Then it follows from (6.1) and (6.4) that
Similar to Hamilton [7] , by Theorem 5.1 in [2] we have 1 2 6) where B ijkl = g pr g qs R piqj R rksl and △ is the Laplacian with respect to the evolving metric.
Combing (6.3), (6.5) and (6.6) and referring to the computations in Theorem 5.3 in [2] leads to
In the normal coordinates, we have
where we have made use of the following equality in the normal coordinates
and ∇ l means the covariant derivative in the direction ∂ ∂x l . In the normal coordinates, we easily obtain
Then, we have ∂ ∂t
This implies that
By the direct computations, we have 
